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Detection of Communication Signals using
Stochastic Quantization
Ryan M. Corey and Andrew C. Singer
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Abstract—We consider the problem of receiving a communication signal using a stochastic signal converter with uncertain
quantization levels. Deeply scaled comparator circuits may offer
advantages in size and power, but can exhibit random variations
in their parameters. We can take advantage of these devices by
incorporating the uncertainty of the devices into the system model
used for inference. In this paper, we develop a statistical model
for such a converter and show how it can be applied to estimate
sequences of symbols. We demonstrate the performance of the
converter in a simulated communication receiver.
Keywords—Analog-to-digital conversion, quantization, stochastic
systems, communication

I.

I NTRODUCTION

We consider the problem of measuring a communication
signal using a stochastic signal converter: an analog-to-digital
converter built using unreliable components for which the
output is not a deterministic function of the input. These
converters may offer advantages in size, speed, and power
at the cost of reliability. For example, deeply scaled CMOS
comparators consume less area and energy than larger circuits,
but are more sensitive to process variations in fabrication. We
can compensate for the uncertainty introduced by the stochastic
converter using statistical inference techniques. These converters are particularly well suited to communication problems
because the received signal is already noisy; we can simply
incorporate a statistical model of the converter into the existing
channel model.
In this paper, we focus on the design of a flash analogto-digital converter built from an array of comparators with
unreliable reference levels. In deeply scaled CMOS, these
comparators exhibit random offsets to their nominal reference
levels due to mismatch between transistor threshold voltages
[1]. In the circuits literature, many authors have proposed
designs that rely on some form of calibration to measure
the true levels after fabrication [2], [3], [4]. More recently,
some authors have proposed using the uncalibrated comparator
outputs to estimate the signal based on the statistics of the
offsets [5], [6]. In [7], the authors demonstrated an architecture
using redundant sets of deeply scaled comparators and an
efficient statistical estimator. This approach directly leverages
the device uncertainty to improve system performance. In our
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Figure 1.
The stochastic signal converter measures the input signal by
comparing it with a number of random threshold levels.

previous work [8], we gave theoretical results on the achievable
performance of such an architecture for measuring a single
sample, showing that mean square error is proportional to the
standard deviation of the offsets and inversely proportional to
the average density of reference levels.
This paper generalizes our previous work to sequences of
inputs. We model the converter uncertainty as a combination of
time-varying noise and static offsets. Because the static offsets
do not vary with time, they can be inferred from sequences of
observations. The receiver thus performs joint estimation of
the input signal and the reference levels. We first develop a
statistical model of the stochastic signal converter. Next, we
use that model to characterize the uncertainty introduced by the
converter; we show that under certain conditions, it can be well
approximated by additive noise. Finally, we demonstrate the
performance of the stochastic converter for symbol detection
using a simulated communication receiver.
II. S TOCHASTIC S IGNAL C ONVERTER
A. Converter Architecture
The converter architecture, shown in Figure 1, is similar
to a flash analog-to-digital converter: each real-valued input
sample Xt is measured by comparing it to each of n reference
levels R1 , . . . , Rn . The references are random variables that do
not change over time. To account for time-varying uncertainty
within the converter, we add a noise variable Zt,i to each
reference for each sample. The outputs of the converter are
binary variables Yt,i = 1 if Xt ≥ Ri + Zt,i and 0 otherwise
for i = 1, . . . , n.
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channel output w, which is drawn from a finite set W m
of sequences. Furthermore, R is a noisy version of the set
of nominal reference levels. For communication, the goal is
to recover w from Y. If the statistics of the channel noise
and offsets are known and if the offsets are independent
of the channel noise, then the prior distribution for Θ is
fΘ|W (θ | w) = fX (x | w) fR (r) and we can express the
likelihood of the message as
ˆ
pY|W (y | w) = pY|Θ (y | θ) fΘ|W (θ | w) dθ,
(6)
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Figure 2. Relationships between variables defined in this section. w is the
sequence of symbols, X is the noisy channel output, R is the set of random
references, D is a vector of pairwise differences between X’s and R’s, Z is
internal noise, and Y is the observed data.

Because the random references are fixed, they can be learned
over time using the statistics of the input data and noise.
Instead of a single sample Xt , consider a block of inputs
X1 , . . . , Xm . It will be useful to express the observations
in

T

be the
terms of a linear mapping. Let Θ = X T , RT
length-(m + n) random parameter vector containing both the
samples and the references. Define the intermediate random
variable D = JΘ, a length-mn vector containing the pairwise
differences between the components of X and R, where
J = [Im ⊗ 1n

− 1m ⊗ In ] .

(1)

Here ⊗ denotes the Kronecker product, Ia denotes the a × a
identity matrix, and 1a is a length-a vector of 1’s. Using this
representation, the outputs can be written as a single vector
Y = u (D − Z) = u (JΘ − Z), where u (·) is the unit step
function applied element-wise.
B. Statistical Model
To recover the input signal from the observations, we must
develop a statistical model relating Θ and Y. Assume that
the elements of Z are independent and identically distributed
according to a continuous cumulative distribution function FZ .
To ensure that the parameters are identifiable, we require that
FZ is differentiable with density fZ (z) > 0 for all z ∈ R. For
a given observation vector y, the likelihood of a parameter
vector θ can be expressed in terms of d = Jθ as
pY|Θ (y | θ) = pY|D (y | d)
(2)
mn
Y
=
P ({dk ≥ Zk , yk } ∪ {dk < Zk , ȳk }) (3)
=

k=1
mn
Y

yk

FZ (dk )

F̄Z (dk )

ȳk

,

(4)

k=1

where ȳk = 1 − yk and F̄Z = 1 − FZ . By the assumption that
fZ is strictly positive, FZ and F̄Z are also strictly positive and
the log-likelihood can be expressed as
ln pY|Θ (y | θ) = yT ln FZ (Jθ) + ȳT ln F̄Z (Jθ) .

(5)

In this paper, we are concerned with the detection of
communication signals. Thus, X is a noisy version of the

where the integral is over Rm+n . The dependencies between
the variables defined in this section are shown in Figure 2.
III. E STIMATION P ERFORMANCE
A. Fisher Information
The stochastic signal converter introduces additional uncertainty into the measurement process on top of the channel noise
and conventional quantization error. We can characterize this
uncertainty using the Fisher information [9] provided by the
observations about the channel output.
Because the observations Y are conditionally independent
given D, the mn × mn Fisher information matrix ID (d) is
diagonal with entries
"
2 #
∂
IDk (d) = E
ln fY|D (Y | d)
(7)
∂dk
#
"
2
2
2 fZ (dk )
2 fZ (dk )
(8)
= E Yk
2 + Ȳk
2
FZ (dk )
F̄Z (dk )
2

=

fZ (dk )
,
FZ (dk ) F̄Z (dk )

(9)

where E [·] is the expectation. We denote this function by
2
ψZ (z) = fZ (z) /FZ (z) F̄Z (z). Let ψt,i = ψZ (xt − ri ).
The Fisher information matrix for Θ = θ is
IΘ (θ) = J T ID (Jθ) J
(10)
P

0
−ψ1,1 · · · −ψ1,n
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..
..
..
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t,1
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.
.
..


..
..
.P
−ψ1,n · · · −ψm,n
0
t ψt,n
Since we have a prior distribution on Θ, the total Fisher
information is


tot
IΘ
= −E ∇2 ln fΘ,Y (Θ, Y)
(12)
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= −E ∇ ln fΘ (Θ) − E ∇2 ln pY|Θ (Y | Θ) (13)


prior
= IΘ
+ E J T ID (JΘ) J .
(14)
tot
The prior information is necessary to ensure that IΘ
is
invertible. The inverse Fisher information gives a lower bound
on the error when Y is used to estimate Θ [10]:


T 

tot −1
E θ̂ (Y) − Θ θ̂ (Y) − Θ
 IΘ
.
(15)
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signal is close to the nominal reference. In the next section,
we will show that under suitable conditions, (17) and (18) can
both be approximated by simple ratios.

=0
= 0.1
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We can use this bound to quantify the uncertainty due to the
stochastic converter. For now, suppose that we do not have a
prior for x. Suppose further that the comparator offsets are
independent so that the prior information matrix is diagonal.
Then the estimation error bound for a single sample xt out of
the length-m block is
!−1
n
2
h
i
X
ψ̄t,i
2
,
E (x̂t (Y) − xt ) ≥
ψ̄t,i − prior Pm
IRi + τ =1 ψ̄τ,i
i=1
(16)
where ψ̄t,i = E [ψZ (xt − Ri )].

C. High Resolution Approximation
The Fisher information is most useful for high-resolution
converters that have many closely spaced levels covering a
wide dynamic range. In particular, consider a converter with
nominal levels r̄ uniformly spaced distance ∆r apart from r̄1
to r̄n , where ∆r is small compared to the standard deviation
of the noise and r̄1 and r̄n are many standard deviations away
from the point of interest. In this regime, we can make several
simplifications: first, (17) and (18) are nearly constant as a
function of x; second, the sums in those expressions can be
approximated by improper integrals; and third, the uncertainty
introduced by the converter resembles additive Gaussian noise.
Furthermore, the Fisher information bound is most accurate in
the high-resolution limit; see [8] for more details on the highresolution approximation in the single-sample case.
If ψZ (·) has finite area and if fZ is adensity
 with scale
1
z
parameter σZ of the form fZ (z) = σZ f0 σZ for some f0 ,
then the area under ψZ is given by
ˆ ∞
ˆ ∞
2
−2
σZ
f0 (z/σZ )
dz (19)
ψZ (z) dz =
−∞
−∞ F0 (z/σZ ) F̄0 (z/σZ )
ˆ ∞
2
1
f0 (u)
=
du
(20)
σZ −∞ F0 (u) F̄0 (u)
cf
,
(21)
=
σZ

B. Performance and Block Length
The per-sample error bound (16) can be used to characterize
the converter performance in terms of the block length m. First
consider estimating a single sample x. In this case, we need
not distinguish between the static reference offsets and timevarying internal noise. Let Z̃ represent the combined offsets
and noise and let r be the deterministic vector of reference
levels. The Fisher information for x is then
n
X
IX (x) =
ψZ̃ (x − ri ) .
(17)

where cf is a constant that depends on the distribution. For
the normal distribution, cf ≈ 1.806 by numerical integration.1
For a high-resolution converter, the single-sample Fisher
information (17) is
1 X
IX (x) =
ψ (x − ri ) ∆r
(22)
∆r i Z̃
ˆ ∞
1
=
ψ (x − r) dr + ε
(23)
∆r −∞ Z̃
cf
=
+ ε,
(24)
σZ̃ ∆r
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Figure 3. Fisher information provided by a single Y about the corresponding
D. The solid
curves show E [ψZ (D)] where Z ∼ N (0, 1) and D ∼


2 . The dashed curves show ψ (d), where Z̃ ∼ N 0, 1 + σ 2 .
N d, σR
R
Z̃
2 = 0.1
The offsets are normally distributed with variance ranging from σR
2 = 10 (widest curves).
(narrowest curves) to σR

i=1

Next consider very large m: if the input statistics are
known, then over time the estimator can learn R with arbitrary
accuracy. Treating R as an observation instead of a parameter,
the Fisher information for each xt is
IX (xt ) =

n
X

E [ψZ (xt − Ri )] .

(18)

i=1

The two expressions (17) and (18) have very similar forms
but differ in their treatment of the offset distribution. Figure
3 compares ψZ̃ (d) and E [ψZ (D)] for normally distributed
offsets and noise. The observations provide more information
when the references can be measured. In both cases, the
information is maximized at d = 0, that is, when the input

where ε is the approximation error due to finite resolution
and dynamic range. For (18), if the offsets are identically
distributed (denote them by Ui = Ri − r̄i , i = 1, . . . , n),
then by linearity of expectation we have
1 X
E [ψZ (xt − r̄i − Ui )] ∆r
(25)
IX (xt ) =
∆r i


ˆ ∞
1
=E
ψZ (xt − r̄ − U ) dr̄ + ε
(26)
∆r −∞
cf
=
+ ε.
(27)
σZ ∆r
1 Incidentally, the integral has a closed form for the logistic distribution,
√
with cf = π/ 3.

4

IV.

S EQUENCE D ETECTION

A. Single Symbol Classification
First consider the detection of a single symbol w ∈ W. The
maximum likelihood estimator is
wML = arg max pY|W (y | w)
(28)
w∈W
ˆ ∞
= arg max
fX|W (x | w) pY|X (y | x) dx. (29)
w∈W

−∞

Suppose that X is normally distributed with mean w and
2
and that the symbols in W are uniformly spaced
variance σX
distance ∆w apart. If the estimator were allowed to observe
X directly, the symbol error probability would be

 

1
∆w
Pe,ideal = 2 1 −
Q
,
(30)
|W|
2σX
where Q (·) is the complementary standard normal cumulative
distribution function. If we approximate the converter uncertainty by additive noise with power I −1 , the “effective noise”
2
+ I −1 and we expect an error
of the overall system is σX
probability of around
!


1
∆w
p
Pe,predicted = 2 1 −
. (31)
Q
2 + I −1
|W|
2 σX
To test this prediction, a communication channel was simulated with an alphabet of eight symbols spaced ∆w = 0.375
apart. The symbols were drawn independently with uniform
probability. The nominal references were evenly spaced ∆v =
0.05 apart across the input range. The channel noise, offsets,
2
and internal noise are normally distributed with variances σX
,
2
2
σR , and σZ = 0.05 respectively. The experiment was repeated
for ten thousand sets of references, each measuring 64 inputs.
Each symbol was estimated independently using (29). Figure
4 shows the symbol error rate Pe as a function of the channel
2
signal-to-noise ratio (SNR) and σR
. Because the references are
not learned over time, there is an error floor that depends on
the uncertainty of the references. Figure 5 shows a waterfall

2
plot of Pe against the effective SNR, Es / σX
+ I −1 , where
I was computed using (17). The empirical error rates closely
match the predicted error (31) for the single-sample case.

Error rate Pe
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Figure 4. Simulated performance for detecting a single symbol, i.e., without
learning the references. The solid curves show the predicted error rates based
on (31) and (17) and the markers show the experimental error rates. The
dashed curve shows the ideal error rate (30).

100

Error rate Pe

Note that (27) is identical to (24) except that σZ replaces
σZ̃ in the denominator. For a high-resolution converter with
random but known references, where time-varying noise is
the dominant source of uncertainty, the distribution of the
references is irrelavant to the converter’s performance. Note
that this would not be the case if quantization error dominated
[11], [12].
The Fisher information is traditionally applied in regression
problems; here, we are interested in detection. It can be shown
by a central limit theorem argument [13] that in the high
resolution limit, the distortion introduced by the converter can
be well approximated by additive Gaussian noise with power
I −1 . We will use this additive-noise approximation to predict
the converter performance for sequence detection.
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Figure 5. Simulated
symbol error rate as a function of the effective SNR

2 + I −1 for the single-sample estimator. The solid curve is the
Es / σX
predicted error (31).

B. Joint Symbol Classification
The performance of the converter should improve for larger
blocks of symbols. Unfortunately, it is more difficult to
compute the maximum likelihood estimate for a sequence
because the likelihood function (6) requires a high-dimensional
integral. Future work will explore efficient algorithms for
joint symbol detection. In this work, we instead separate
the estimation and detection stages. First, we use Newton’s
algorithm to compute the joint maximum a priori estimate of
the channel input and references:
θ̂ MAP (y) = arg max ln fΘ (θ) + ln pY|Θ (y | θ) .
θ

(32)

Next, we choose the most likely sequence of symbols based
on this estimate:
ŵ (y) = arg max ln fX|W (x̂MAP (y) | w) .
w

(33)
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Figure 6. Simulated performance for detecting a sequence of symbols. The
solid curves show the single-sample predicted error and the solid markers show
the single-sample error rates. The gray and white markers show the error rates
for m = 16 and 64 symbols per block, respectively.
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